Abstract. It is shown that the Carathéodory distance and the Lempert function are almost the same on any strongly pseudoconvex domain in C n ; in addition, if the boundary is C 2+ε -smooth, then √ n + 1 times one of them almost coincides with the Bergman distance.
Introduction and results

Let
√ n + 1 is announced in [1] without proof (see also [2] ); this means that the differences k D − c D and
If D is a strongly pseudoconvex domain in C n , then
Our first observation can be considered as a version of Lempert's theorem (see [6, Theorem 1] ), saying that l D = c D on any convex domain D. In fact, this observation tells us that the Balogh-Bonk results hold even for l D and c D , i.e. these two functions are almost the same on any strongly pseudoconvex domain in C n .
Proof. It is enough to show that lim sup
where p ∈ ∂D and q ∈ D.
If p = q, this a consequence of the estimate
(see [9, Theorem 1] ) and the Vormoor-Fadlalla-Abate estimate Now we may choose a neighborhood U of p such that Φ is biholomorphic on U and G ′ := Φ(D ∩ U) is a strictly convex domain. Set z ′ = Φ(z) and w ′ = Φ(w). Then, by Lempert's theorem and the BaloghBonk result,
A
Proof. We have to show the boundedness of the difference
, this is a consequence of the following estimate for
, where
s = min(ε/2, 1/2), C > 0 is a constant, z is near ∂D, q z ∈ ∂D is the closest point to z, L qz is the Levi form of −d D at q z , and X n and X t are the complex normal and tangential components of X at q z , respectively. The estimate (4) follows by the next estimates for K D and M D :
, and Π qz is the product of the eigenvalues of L qz .
Theorem B in [7] gives the estimate (4) Lemma 3. Let q be a strongly pseudoconvex boundary point of a pseudoconvex domain D (not necessary bounded) and let U be a neighborhood of q. There exist a neighborhood V ⊂ U of q and a constant c > 0
Proof. Since D is locally strongly convexifiable, shrinking U (if necessary), we may assume that for anyq ∈ ∂D ∩U there exists a peak function pq for D ∩ U atq such that |1 − pq| ≤ c 1 || · −q||, where the constant c 1 > 0 does not depend onq. Take neighborhoods V ⊂ V 1 ⋐ V 2 ⋐ U of p with the following property: if z ∈ D∩V, q z ∈ ∂D and
(cf. the proof of [8, Theorem 2] which is a variation of the proof of [4, Lemma 3.5.2]). We may assume that
, choosing k to be the integer part of log d D (z)/ log c 2 , we find a constant c > 0 with the desired property.
Finally, we point out the following
and (6) lim
Otherwise,ẑ,ŵ ∈ U and then The opposite inequality lim inf
follows in the same way. To obtain (6), it remains to let a → 1. 
